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Abstract

Donut regression discontinuity (RD) designs exclude observations in a neighbor-
hood around the cutoff. They are widely used in empirical work to address concerns
about manipulation, sorting, or measurement error in the running variable. Despite
their popularity, donut RD estimators are typically implemented heuristically, with
limited formal guidance and unclear implications for bias, variance, and statistical in-
ference. This paper provides a theoretical analysis of donut RD designs within the
local linear estimation framework. We derive new results for point estimation, infer-
ence, and specification testing in donut RD designs. We show that donut trimming
affects the bias and variance of the estimator and thus introduces substantial addi-
tional uncertainty relative to conventional RD estimators. We further show that re-
cently developed bias-aware confidence intervals accurately account for this additional
uncertainty without requiring modifications. Finally, we formalize specification tests
based on comparing conventional and donut RD estimators to allow for valid statistical

inference. The results are illustrated with two empirical applications.

1. INTRODUCTION

Regression discontinuity (RD) designs provide a framework for identifying causal effects from
observational data under clear and interpretable assumptions. In empirical applications in
economics and the social sciences, estimation and inference commonly rely on local linear
regression, whose statistical properties have been extensively studied (e.g., Hahn et al., 2001;

Imbens and Kalyanaraman, 2012; Calonico et al., 2014; Armstrong and Kolesar, 2018). In
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this paper, we study a widely used variant of the standard RD design that excludes observa-
tions near the treatment threshold. This approach is commonly referred to as a “donut” RD
design (Barreca et al., 2011) for the gap it creates around the threshold in the distribution
of the running variable.

Empirical researchers often use donut RD designs when there are concerns that observa-
tions closest to the cutoff may be atypical in ways that threaten identification.! A common
motivation is the possibility of sorting or manipulation of the running variable, or adminis-
trative discretion in its measurement or recording, which can generate non-comparable units
near the threshold. In other settings, heaping, rounding, or mass points in the running vari-
able may induce irregular behavior near the cutoff that reflects reporting practices rather
than the treatment assignment rule itself.

Depending on the context, researchers may view donut RD estimators either as more
credible estimates of causal effects or as diagnostic tools. In the latter case, large differences
between donut and conventional RD estimates are interpreted as evidence of violations of
standard RD assumptions, without necessarily treating the donut estimate as a meaningful
estimate of the causal parameter of interest. Conversely, small differences between donut and
conventional RD estimates are often presented in robustness exercises as reassuring evidence
that such identification concerns are limited.

Despite its popularity in empirical work, the donut RD approach is typically applied
with little formal statistical guidance. In particular, it remains unclear how to interpret
differences between conventional and donut RD estimates, or how large such differences
must be to meaningfully support concerns about sorting, manipulation, or measurement
problems at the cutoff. The consequences of trimming observations near the threshold for
bias, variance, and confidence interval coverage are likewise poorly understood: excluding
data close to the cutoff reduces local information and mechanically increases extrapolation,
but the resulting trade-offs depend on trimming and bandwidth choices in ways that are
rarely made explicit. Moreover, because conventional and donut estimators rely on largely
overlapping samples and are therefore highly correlated, valid comparisons require careful
treatment that is largely absent from applied practice.

To give a concrete example, Figure 1 shows average 1-year mortality rates for infants
with birth weights around 1,500g, a very low birth weight threshold that often triggers

additional medical interventions. A local linear RD regression, as in Almond et al. (2010),

1As of March 2026, a Google Scholar search for articles that contain the words “donut” and “regression
discontinuity” returns almost 2,000 results.
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Figure 1: Average 1-year mortality rates of infants with birth weights around 1,500g. Size of dots
is proportional to number of observations and the total number of observations is 202,071. Left
panel shows local linear RD fit with uniform kernel and bandwidth of 85g. Right panel shows fit
of same specification when data points with birth weight between 1,497g and 1,503g are excluded
from the data.

using a uniform kernel and a bandwidth of 85g yields a substantial and statistically significant
RD estimate of 0.95%, with a standard error of 0.22%. Barreca et al. (2011) argue that
these results may be driven by heaping at 1,500g and 1,503g. These values correspond to
100g and one-ounce multiples, respectively, and observations rounded to these points may
be systematically different from nearby observations.? Indeed, when a donut RD design
excludes observations within 3g of the 1,500g threshold, the point estimate falls to 0.16%,
while the standard error increases to 0.28%. Although this estimate appears qualitatively
different from the conventional one, there is no formal framework for assessing whether the
difference is sufficiently large to be attributed to random sampling variation alone. It is also
unclear whether the donut RD estimator delivers a reliable estimate of a causal effect, or
whether its value is driven by additional variance or extrapolation bias. Finally, it is not
known whether the standard errors and confidence intervals reported by standard software
packages for donut RD estimators are valid.

This paper provides econometric tools to address these questions. First, we show that

2For example, hospitals that round birthweights to the nearest 100g multiple, or have scales that measure
birthweight in ounces rather than grams, may be systematically different from hospitals that report exact
gram values.



donut RD estimators exhibit substantially higher bias and variance than conventional RD
estimators when the standard RD assumptions hold. For example, under local linear esti-
mation, excluding observations within 10% of the main bandwidth around the treatment
threshold increases bias by 41% to 63% and variance by 53% to 61%, depending on the
kernel function. Second, we show that recently developed bias-aware confidence intervals
(Armstrong and Kolesar, 2018, 2020; Kolesar and Rothe, 2018) remain valid in donut RD
designs without requiring special adjustments. However, trimming observations near the
threshold can substantially increase the length of these confidence intervals: excluding ob-
servations within 10% of the bandwidth increases asymptotic interval length by 26% to 33%,
depending on the kernel. Third, we develop valid statistical tests for equality of conventional
and donut RD estimands within a bias-aware framework that explicitly accounts for the de-
pendence between the two estimators. Finally, we propose a new donut-based specification
test with superior local power properties relative to existing approaches, at least against a
class of plausible local alternatives.?

The remainder of the paper is organized as follows. Section 2 describes the general
setup of conventional and donut RD designs. Sections 3 and 4 analyze point estimation
and confidence intervals, respectively. Section 5 studies donut RD methods as tools for
specification testing. Section 6 discusses extensions of our results to fuzzy RD designs.

Section 7 presents two empirical illustrations, and Section 8 concludes.

2. SETUP

2.1. Conventional RD Designs. Consider a conventional sharp regression discontinuity
(RD) design in which the researcher is interested in the causal effect of a binary treatment.*
The data are an independent sample {(Y;, X;,T;),7 € [n]} of size n from some large popula-
tion, where [n] = {1,...,n}. Here Y; € R is the outcome of interest, X; € R is the running
variable, and 7; € {0, 1} is an indicator for the event that unit i receives the treatment. In a
sharp RD design, units receive the treatment if and only if the running variable exceeds some
known threshold, which we normalize to zero without loss of generality, so T; = 1{X; > 0}.
Writing my = lim, o m(z) and m_ = lim,4 m(x) for the right and left limits, respectively, of

a generic continuous function m evaluated at zero, we also denote the jump in the conditional

3The results developed in this paper extend directly to settings where the goal is to extrapolate treatment
effects away from the cutoff.

4We focus on sharp RD designs in this section to simplify the exposition. See Section 6 below for an
extension of our results to fuzzy RD designs.



expectation of the observed outcome given the running variable at zero by
T =iy = poy pfx) = E(Yi[Xi = x).

In a potential outcomes framework, the parameter 7 coincides with the average treatment
effect of units at the cutoff under certain continuity conditions. Local linear regression (Fan
and Gijbels, 1996) has then arguably become the most commonly used estimation strategy to
estimate this parameter, due to its attractive theoretical properties and easy implementation.

Specifically, the local linear estimator of 7 is given by

7(h) = e/ argmin Y _ K (X;)(Y; — (T3, X;, T:.X;,1) T 8)°.
i€[n]
Here K is a kernel function with compact support, say [—1,1], h > 0 is a bandwidth,
Ku(x) = K(x/h)/h, and e; = (1,0,0,0)" is the first unit vector, whose role in the above
formula is simply to extract the appropriate coefficient from the right-hand side. Local linear
regression thus proceeds by fitting linear specifications with different intercept and slope on
either side of the threshold by weighted least squares, giving non-zero weights to units with
running variable values X; € [—h, h| only. We note that by simple least squares algebra we

can write the local linear RD estimator as weighted averages of the outcomes,

F(h) = wi(h)Y;,
i1€[n]
with weights that depend on the data through the realizations X,, = {Xj,..., X,,} of the

running variable only.

2.2. Donut RD Estimator. A donut RD estimator is similar to a conventional one, except
that it excludes data points immediately surrounding the treatment threshold. Here we focus
on the special case of a donut RD design in which the same bandwidth h and donut size
d € [0, h) are used on either side of the threshold.® The corresponding local linear donut RD

estimator is

F(h,d) = ef argmin » _ K(X;/h)(Y; — (T;, X:, T,X;,1) T 8)°1{| X;| > d}.

i€[n]

5We could easily accommodate asymmetric settings at the cost of a more involved notation. In particular,
the donut could be one-sided, such that only observations above or below the threshold are excluded.



This corresponds again to fitting linear specifications via weighted least squares on either
side of the threshold, but now non-zero weights are only given to units with X; taking values
in the “donut-shaped” set [—h, —d] U [d, h]. The donut estimator nests the conventional one
as a special case, i.e., T(h,0) = 7(h), and it can also be written as weighted averages of the
outcomes,
Ah.d) = Y wilh )Y,
i€[n]

with weights that satisfy w;(h,0) = w;(h) and depend on the data through the realizations
X, = {Xi,..., X} of the running variable only. Let X = supp(X;) denote the support of

the running variable.

2.3. Donut RD Estimand. If the conditions that allow for identification of causal effects
in a conventional RD design were to hold, the donut RD estimator would merely be a very
inefficient estimator of the parameter 7, as the exclusion of data points around the cutoff
mechanically increases both the bias (through additional extrapolation) and the variance
(through the reduced number of data points) of the estimator. Donut RD approaches are
therefore precisely motivated by concerns that the observations closest to the cutoff may be
atypical in a way that threatens identification.

Depending on the empirical context, the use of donut RD methods typically takes one
of two principal forms in empirical practice. Researchers might either use 7(h,d) as a more
credible estimator of a causal effect, and also base inference on this estimator; or they might
interpret the magnitude of the difference between 7(h,d) and 7(h) as a measure of the
severity of the threats to the conventional RD design. Note that the latter perspective does
not require one to take 7(h,d) as evidence about the causal parameter.

Both of these uses of donut RD designs are typically only motivated heuristically, and
the formal statistical properties of the corresponding methods are largely unclear. To make
progress, we consider a simple but general theoretical framework that is intended to be
applicable in a wide range of empirical settings. Specifically, we postulate that there exists
a hypothetical function p*(z) whose jump at zero is the target of the donut RD estimator.

We denote this jump parameter by

*

TN = —pl

We assume that the function p*(z) coincides with the conditional expectation function
u(x) = E(Y;|X; = x) outside the donut, but not necessarily inside it. That is, we as-
sume that p*(z) = p(x) for |z| > d, but that this equality does not (necessarily) hold for

6



|z] < d. We also assume that the function p*(x) falls into the usual smoothness class of twice
differentiable functions (except at the threshold) with bounded second derivatives, which is

generally used to justify local linear regression approaches. That is, we assume that
pr e F(M) ={ma(z)l{z = 0} +mo(x)1{z < 0}, [|m;()llo < M, t€{0,1}},  (2.1)

where M > 0 is a uniform smoothness bound specified by the analyst. This setup implies
that the function p*(x) is identified from the distribution of observable quantities for values
of x outside the “donut hole”, and that the data are at least to some extent informative about
the value of 7* due to the shape restrictions imposed by the assumption that u* € F(M).
Depending on the empirical circumstances, the goal of a donut RD design could then be
interpreted as estimating 7%, or as formally testing the null hypothesis that p(z) = p*(z) for

all x by using a sample analogue 7* — 7 as a test statistic.

Example 1 (Causal Setup). Our generic setup maps directly into a model where the validity
of a causal design is undermined by the presence of some atypical observations near the cutoff
only. Suppose there is a hypothetical sample {(Y;(1),Y;(0), X5, X;,T;),i = 1,...,n} of size
n from a large population, where Y;(1) and Y;(0) are a unit’s potential outcomes with and
without receiving the treatment, respectively, so that Y; = Y;(7}); and X is a “natural”
running variable that would be observed in the absence of the possible data issues or the
mechanism that induces sorting. The observed running variable X; is further assumed to be
identical to X for those units whose realization of the latter falls outside the donut hole,
and to fall into the donut if X} does so as well. That is,

X, = X7 if |[X7| > d, and |X;| < d if | X]| < d,

Treatment assignment is based on the observed running variable, so that 7; = 1{X; > 0}, and
the observed outcome is Y; = Y;(7T;). The parameter of interest is the average treatment effect

among units whose “natural” value of the running variable is at the treatment threshold:
T =EYi(1) - Yi(0)| X7 = 0) = p} —pZ, p(2) = E(Y|X] = 2),

which is generally different from 7 = g, — p_, the jump in the conditional expectation

E(Y;|X; = z) of the observed outcome given the observed running variable at zero.

Example 2 (Diagnostic Setup). Our general framework can also be interpreted purely diag-
nostically, without attaching a causal meaning to the donut RD estimand 7*. Suppose that
there exists a function p*(z) € F(M) such that p*(x) = p(z) for all |z| > d, but p*(x) may

7



differ from p(z) for |z| < d. Here p* is not assumed to describe the conditional expectation
in the absence of any data problem. Rather, it is simply a smooth benchmark function
that agrees with the observed conditional expectation outside the donut and extends the
pattern observed there into the neighborhood of the cutoff. In this setup, 7" = pi — p*
is the jump implied by the benchmark function p*, while 7 = py — p_ is the jump in the
observed conditional expectation. If the conventional RD specification is correct, the same
local pattern governs the data both inside and outside the donut, i.e. if u(z) = p*(x) for all
|z| < d. Under this null, 7 = 7*. Conversely, if 7 # 7%, then the behavior of the conditional
expectation within the donut differs from the behavior outside the donut in a way that is
not compatible with the maintained smoothness restriction. In that sense, 7% — 7 can be
viewed as a measure of local misspecification of the conventional RD design, even when 7*

is not itself an estimand of substantive interest.%

2.4. Two Asymptotic Regimes. For our large sample analysis of econometric methods
in donut RD designs, we consider two different asymptotic regimes that present alternative
perspectives on the size of the donut d relative to the bandwidth h. We note that practitioners
are not meant to explicitly choose between the two regimes, and that most methods we

present in this paper work under either regime.

Assumption 1 (Small Donut). The donut size satisfies d = ch for some ¢ € [0,1), h — 0

and nh — 00 as n — 0.

We refer to the framework introduced in Assumption 1 as “small donut asymptotics”. It
models the size of the donut as proportional to the bandwidth, which in turn tends to zero at
an appropriate rate. Small donut asymptotics are meant to deliver accurate approximations
in commonly found empirical settings that remove observations from an area around the
cutoff that is small relative to the bandwidth. Note that while this framework formally
allows for ¢ € [0,1), the resulting asymptotic approximations only tend to be reliable for

values of ¢ closer to zero, say ¢ € [0, .2).

Assumption 2 (Large Donut). The donut size d is fived, h — d and n(h — d) — oo as

n — OQ.

Assumption 2 is an alternative “large donut” asymptotic framework that treats d as fixed

and the bandwidth as approaching d at an appropriate rate. This would be appropriate for

SFor example, hospitals may round birthweights at focal values near 1,500g, so that mortality behaves
differently for observations very close to the threshold than for observations slightly farther away. In that
case, a discrepancy between 7 and 7* indicates that the local pattern near the cutoff differs from the pattern
outside the donut, without requiring that the donut RD estimand 7* itself have a causal interpretation.



settings in which the range of the support of the running variable that is used for estimation

is much smaller than the gap created by the donut that needs to be extrapolated.”

2.5. Further Regularity Conditions. In addition to the two asymptotic frameworks above,

we also introduce some further, and largely standard, regularity conditions.

Assumption 3. The running variable X; is continuously distributed with density function
f that is continuous on either side of the cutoff, bounded and bounded away from zero over

an open interval that contains the donut hole.

Continuity of the running variable is often assumed in the RD literature, although it is
not necessary for valid estimation and inference based on local linear regression (Armstrong
and Kolesar, 2018; Kolesar and Rothe, 2018). We still maintain this assumption through-
out the paper, as it often simplifies the derivations of analytic expressions for asymptotic

approximations.

Assumption 4. (i) For all x € X and some q > 2, E[|Y; — E[Y;|X;]|?|X; = x| exists and
is uniformly bounded; (i) V[Y;|X; = x| is L-Lipschitz continuous for all x € X \ {0} and

uniformly bounded away from zero.

These conditions are needed in order to apply a central limit theorem in various places.®

Assumption 5. The kernel function K is a bounded and symmetric density function with

support contained in [—1,1]. In addition, K is continuously differentiable on (0,1).

This assumption is satisfied by most standard kernel functions, like the uniform, trian-
gular, or Epanechnikov kernel, for example. Kernel functions with unbounded support, like
the Gaussian kernel, could be accommodated at the cost of additional algebra in some of

the proofs. We also define the following functionals of the kernel:

BK(C):/ Jx (u, ) K (u)u?du, SK(C):/ Jx (u, c)* K (u)?du,

Ji(u,¢) =el (/Cl(l,t)T(l,t)K(t)dt) (1,u)",

for any constant ¢ € [0, 1).

"Dowd (2021) considers a related setting, but focuses only on inference for the identified set rather than
the jump at the cutoff, which is typically the main parameter of interest and the focus of our analysis.

8These conditions are stronger than necessary for our results on point estimation and confidence intervals
below, and only need to hold for = ¢ (—d,d) in these cases. The assumption is required as stated for our
results on specification testing.



3. POINT ESTIMATION

In this section, we study the properties of 7(h, d) as a point estimator of 7*. Our main result
shows that under small donut asymptotics the donut RD estimator stays consistent and
asymptotically normal, but that the size of the donut can substantially affect the magnitudes
of the asymptotic bias and variance. To state the result, we write the bias and variance
of T(h,d) conditional on the realizations &, = {Xi,...,X,} of the running variable as
b(h,d) = E(7(h,d)|X,) — 7" and s*(h,d) = V(7(h,d)|X,), respectively, and note that these

terms can be written as

=Y wi(h, d)p(X;) — 7 and $*(h,d) = > w;(h,d)’c

i€[n] i€[n]

with 02 = V(Y;|X;) the conditional variances of outcomes given their corresponding running

variable values. The following theorem gives asymptotic approximations to these quantities.

Theorem 1. Suppose that Assumption 1 and Assumptions 3—5 hold. Suppose further that, on
each side of the cutoff, u* is twice continuously differentiable up to the cutoff, with uniformly
bounded second derivative. Then
7(h,d) — b(h,d) — T*
s(h,d)

< N(0,1), where

" "

*

S 2 2
b(h,d) = h%ﬂ@% +op(h?) and s*(h,d) = —SK( ) (% + %) top (%) ,

The result shows that the size of the donut affects the asymptotic bias and variance of
the donut RD estimator through the kernel constants Bg(c) and Sk(c) only. The proof
is straightforward and follows from observing that 7(h,d) is equal to a conventional RD
estimator with a modified kernel function K .(u) = K(u)1{|u| > ¢}. The important insight
is that Bg(c) and Sk(c) can differ quite substantially from their “no donut” counterparts
B K( ) and Sk (0), even for moderate values of ¢. To illustrate this, Figure 2 plots the ratios

Bk (c)/Bx(0) and \/Sk(c)/Sk(0) for ¢ € (0,.2) and three commonly used kernel functions.
We can see, for example, that even with a moderate value such as ¢ = .1, which corresponds
to a donut RD that removes the observations that differ by less than 10% of the chosen
bandwidth from the cutoff value, the absolute bias increases by 41% to 63%, the standard
deviation increases by 23% to 26%, and the variance increases by 53% to 61%, depending

on the kernel function used.”

9For illustration, we also plot the absolute values of By (c) and Sk (c) in Figure A.1 in the appendix.
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Figure 2: Ratios of kernel constants in the asymptotic bias and standard deviations of the donut
and the conventional RD estimator for uniform, triangular, and Epanechnikov kernels.

To give a point of reference for these numbers, note that reducing the bandwidth of the
conventional RD estimator by 10%, which removes observations within two slices of width
.1h on the outside rather than the inside of the estimation window, reduces the asymptotic
bias by 1 — (.9h)2/h? = 19%, and increases the variance by only (n.9h)~!/(nh)™' — 1 ~ 11%.

Remark 1 (Optimal Bandwidth). Given the characterization of the asymptotic bias and
variance in Theorem 1, the bandwidth that minimizes the asymptotic mean squared error

(MSE) of the donut RD estimator for any particular donut size d is given by:

2
/T x 1 0.2 0.2
h d) = argmi h*By(d/h)? Ry —B- — d/h) [ =+ + —=
MSE( ) ar§>d1n K( / ) ( 9 +7’LhSK< / ) f+ + f_

It is generally challenging to characterize how hysg(d) changes with d as the bandwidth en-
ters the MSE formula not only as a multiplicative factor preceding the kernel constants, but
also within the constants themselves. Nonetheless, one can show that hysg(d) is monotoni-
cally increasing in d for a class of kernel functions that includes the three kernel functions
considered above. This is not obvious a priori, as both the asymptotic bias and the asymp-
totic variance are increasing in d, and hence the direction of the change in mean squared

error is not clear.

11



Proposition 1. Suppose that d = dy x n='/° for some constant dy > 0, that ,ujr" # p*", that
Assumptions 3-5 hold, and that the function

_ Sk(c) + ¢Sy (c)
ZBK(C)(QBK(C) — CB}{(C))

Gkl(c)
is strictly positive and strictly increasing on (0,1), and satisfies

lim *G g (c) = 0, lim *Gg(c) = 0.
cl0 ctl

Then hyse(d) = (do/c*(dy)) x =%, where

17 17 2
. d0>4 o (1t =t c (03 02)
c*(dy) = argmin | [ — ) Br(c)* | —— | + —=Sk(c) [ 4+ —=
) cegm,l) (C x(©) 2 do x(c) fv 1=

is uniquely defined. Moreover, the term dy/c*(dy) does not depend on n, is strictly increasing

in do, and is such that

1/5

Sk(0) (5 +7)

-1/5.
By (0 (" — p27)?

dl(;lglo hase(d) = X n

Proposition 1 establishes that the MSE-optimal bandwidth hysg(d) is increasing in the
donut size under the high-level condition that the kernel-induced function Gk/(c) is strictly
positive and strictly increasing on (0, 1), with the stated boundary behavior of ¢®Gx(c). For
the uniform, triangular, and Epanechnikov kernels, this condition can be verified analytically
by direct calculation (details are given after the proof of Proposition 1 in the Appendix). We
conjecture that the same condition can also be checked, on a case-by-case basis, for other

commonly used kernel functions.*”

Remark 2 (Large Donut Asymptotics). The case of large donut asymptotics is less inter-
esting for point estimation as in this framework the parameter 7* cannot be consistently
estimated: even if we were to observe the full population distribution of (¥;, X;) conditional
on |X;| > d, the shape restriction that p* € F(M) only yields that 7* is partially identified

10Tf one implements a donut RD design by passing the subset of the data outside the donut to a conven-
tional RD software package, the bandwidth selection algorithm might not automatically target the optimal
bandwidth hysg(d) under the donut design if the algorithm relies on hard-coded values for the kernel con-
stants.
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and takes values in some identified set T'(M):
meT(M)={my—m_:me F(M)and P(lm(X;) — n(X;)| - 1{|X;| > d} =0) =1}.

With a continuously distributed running variable, the set T'(M) is an interval of length 2 d?

around the jump in the linear extrapolation of u from the edge of the donut to the cutoft:
T(M) = [riw(d) £ M), Tin(d) = p(d) — p(—d) — d(1/(d) + 4/ (—d)).

The estimator 7(h,d) simply converges in probability to the midpoint of the identified set,

i.e. T(h,d) = min(d) + 0p(1), but that midpoint has no particular causal interpretation.

4. CONFIDENCE INTERVALS

In this section, we consider confidence intervals for 7* based on the donut RD estimator
T(h,d). In particular, we argue that recently developed “bias-aware” confidence intervals
(Armstrong and Kolesar, 2018, 2020; Kolesar and Rothe, 2018) are asymptotically valid
in donut RD designs under either large or small donut asymptotics without any special
adjustment. The main insight is that the length of these confidence intervals can increase
substantially with the size of the donut.

To describe “bias-aware” confidence intervals, note that it follows directly from Arm-
strong and Kolesar (2018) and Kolesar and Rothe (2018) that the conditional bias of the
donut RD estimator is bounded uniformly over F(M) by a term b(h, d) that can be explicitly

calculated from the data:

- M
sup [b(h,d)| < b(h,d) = === wi(h,d)X]sign(X;).
ureF (M) 2 icln]

We can construct an estimator of the conditional variance of the donut RD estimator as

/‘9\2<h7 d) = Z wz(h7 d)26-\127
i€[n]

2

where 67 is some suitable estimator of the conditional variance ¢ = V(Y;|X;) such as the

nearest-neighbor estimator studied by Abadie and Imbens (2006) and Abadie et al. (2014).

We can then decompose the usual t-statistic as

Fhyd) =7 F(hd) =7 = b(h.d) _b(h,d)

hd) 30 d) =)
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into the sum of a term that is approximately standard normal in large samples and a term
that can be bounded in absolute value by the observable quantity b(h,d)/s(h,d). This
decomposition then leads to the bias-aware donut confidence interval with nominal confidence

level 1 — «,

. b(h,d)\ -
Cn(d) = |:T(h,d) +tevig (%) s(h,d)] :
where cvy_,(r) is the 1 — o quantile of the |N(r, 1)| distribution, i.e., the distribution of the
absolute value of a normal random variable with mean r and variance 1. The next theorem

shows that this result has correct asymptotic coverage uniformly over p* € F(M).

Theorem 2. Suppose that (i) either Assumption 1 or 2 holds; (ii) Assumptions 3-5 hold;
and (iii) 5*(h,d) = s*(h,d)(1 + op(1)) uniformly over F(M). Then

liminf inf P(r"eCy(d)>1—a.

n—oo  p*eF (M)

It is instructive to compare the length of the donut confidence interval C,,(d) to that of its
conventional counterpart C,, = C),(0) in the case where u equals p*. Note that the presence of
a donut generally increases the standard error, which in turn widens the confidence interval,
but it also affects the “worst case bias to standard error” ratio that appears inside the critical
value function. To obtain an analytical result, it is convenient to choose the bandwidth such
that it minimizes the “worst case” asymptotic MSE of the conventional RD estimator, which

means that one chooses the bandwidth

) Sc(0) (F+5)\
huse = xXn

~1/5
4B (0)2M2 '

This choice implies in particular that b(hysg, 0)/8(huse, 0) = 1/2 + op(1). The presence of

a donut then changes the length of the confidence interval by a factor of

Bhased) | =7 ol 2
CVi—a (sz—zido S(hMSEyd) B Vi-a (%/SK(C) B (0) ) SK<C) +o (1)
sk - — . P .
CVlfa <b(hMSE,O)> g(hMSE; O) CVl_a (%) SK(O)

5(hmse,0)

We plot the relative increase in asymptotic length (that is, the first term on the right-hand
side of the last equation) as a function of ¢ for different kernels in Figure 3. For example,
with ¢ = .1, which corresponds to a donut RD that removes the observations that differ by
less than 10% of the chosen bandwidth from the cutoff value, the length of the confidence
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Confidence Intervals: Relative Length
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Figure 3: Ratio of asymptotic length of “donut” and “no donut” confidence intervals as a function
of donut size for uniform, triangular, and Epanechnikov kernel functions.

interval increases by 26% to 33%, depending on the kernel function. The majority of this
change can be attributed to the increase in the standard deviation, but the change in the

critical value function adds to the length as well.

Remark 3 (Robust Bias Correction). Confidence intervals based on “robust bias correc-
tion” (Calonico et al., 2014) are a popular alternative to “bias-aware” confidence intervals
in conventional RD settings. In Appendix A, we show that RBC confidence intervals only
maintain correct coverage under small donut asymptotics, but not under large donut asymp-
totics. We also show that their length is generally even more affected by the size of the donut
than that of bias-aware confidence intervals. This is because robust bias correction involves
higher-order local polynomial estimation, and these higher-order local polynomials turn out

to be more sensitive to donut trimming than local linear regression is.

5. SPECIFICATION TESTING

Applied researchers often use donut RD designs as diagnostic tools to investigate the validity
of conventional RD designs, taking “large” differences between the donut RD estimator
and the conventional RD estimator as evidence of a violation of conditions that ensure
identification of causal effects. This approach does not require that the donut RD estimator

is by itself a reasonable estimator of a causal effect.
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Here we consider two hypothesis tests (one formalizes a heuristic strategy commonly
used in practice and one is based on a new approach) and compare their power properties
over a class of reasonable local alternatives. We formalize the goal of testing for correct

specification as the null hypothesis:
Hy: p*(x) = p(z) for all |z| < d,

under our maintained conditions that p*(z) = u(x) for all |z] > d, and p* € F(M).!!
This formulation captures the idea that under the null hypothesis the observed data within
the donut should be compatible with (i) the data outside the donut and (ii) the shape
constraints imposed by the assumption that p* € F(M). Throughout this section, we
consider a nontrivial donut, so that d > 0; under small-donut asymptotics, this additionally

requires ¢ = d/h > 0.

5.1. Conventional Strategy: Donut vs. Standard RD Estimates. We first formalize
a testing strategy based on comparing donut RD estimates to conventional RD estimates.

We denote the difference between the two estimators by

A(h,d) = 7(h,d) = 7(h,0) = > (wi(h,d) — w;(h,0))Y;,

i€[n]

and the respective conditional bias and variance by ba(h,d) = E(ﬁ(h, d)|X,) and s34 (h,d) =
V(A(h, d)|X,,), respectively. These can be written as

ba(h,d) = (wi(h,d) — w;(h,0))u(X;) and

i€[n]
si(hyd) = (wi(h,d)* + wi(h, 0)* = 2w;(h, d)w;(h,0)) o7,
1€[n]
respectively. We can then prove the new result that under our null hypothesis the conditional

bias term is bounded in finite samples uniformly over F (M) as follows

sup (b (b d)| < ba(hd) =~ T 3 (us(h d) — wi(h,0)) Xsign(X,)

prEF(M) 1€[n]

H'Note that it does not suffice to state the null hypothesis as Hy : 7 = 7*, as some control of p within the
donut is necessary to derive the properties of the conventional RD estimator.
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On the other hand, a natural estimate of the conditional variance is given by:

SA(h,d) =) (wi(h,d)* + wi(h,0)* — 2w;(h, d)w;(h,0)) &7,

i€[n]

with 62 again a nearest-neighbor estimate of 0 = V(Y;|X;). Following arguments analogous

to those used to construct “bias-aware” confidence intervals, we use the decision rule to

. . ba(h, d) A(h, d)
t Hy if |t ol = , where tA = =
reject Hy if |ta] > cvy (sMh,d)) where ta 0 d)

is a t-statistic that is approximately normal in large samples with unit variance and mean
bounded in absolute value by ba(h,d)/Sa(h,d) under the null hypothesis. The following

theorem shows that the resulting test has correct size.

Theorem 3. Suppose that (i) either Assumption 1 or 2 holds; (ii) Assumptions 35 hold;
and (iii) $%(h,d) = sk (h,d)(1 4+ op(1)) uniformly over F(M). Then, under Hy:

limsup sup P (|tA| > CVi_q <bA(h’d>>> < o

n—oo p*eF (M) /S\A(h’ d)

Remark 4 (Variance Structure). The test statistic considered here is based on the difference
of two generally highly correlated quantities. In particular, under small donut asymptotics
the conditional variance of A(h, d) satisfies:

1

(S (e) + Sic(0) = 25x(c)) <ﬁ + i) or <%>

2 —
alhd) = T

n

where Sk (c) is as defined above and

1
Sk(c) = / Jx (u, ¢) i (u, 0) K (u)*du
captures the dependence between the conventional and the donut RD estimator.

5.2. Alternative Strategy: Donut vs. “Within Donut” RD Estimates. The test
statistic in the previous subsection is the difference of two potentially highly correlated
quantities. An obvious alternative for testing Hj is to compare the donut RD estimate to a
conventional RD estimator with bandwidth d. We refer to this latter estimator 7(d,0) = 7(d)

as the “within donut” RD estimator, as it only uses data within the donut hole. That is,
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one can base a test of Hy on (an appropriately studentized version of) the difference

L(h,d) = 7(h,d) — 7(d,0) = Y _(wi(h,d) — w;(d,0))Y;.
i€n]

This approach compares two statistically independent quantities, as these are based on non-
overlapping subsets of the data. The downside of this construction is that a large overall
sample size is required to use this approach as the variance of 7(d, 0) is large and its distribu-
tion may not be well-approximated by a central limit theorem without a sufficient number
of data points within the donut.

We denote the respective conditional bias and variance by bp(h, d) = E(I'(h, d)|X,,) and
s2(h,d) = V(T'(h, d)|X,), which can be written as

br(h,d) = (wi(h,d) — w;(d,0))u(X;) and

i€[n]

st(hyd) =Y (wi(h,d)* + w;(d,0)*) o7,

i€[n]

We then show that we can bound the bias in finite samples uniformly over F (M) under the

null hypothesis by

sup |bp(h,d)| < bp(h,d) = —% > (wilh, d) — wi(d, 0) X ?sign(X;).

prEF (M) i€[n]

On the other hand, a natural estimate of the conditional variance is given by

SEhd) = 3 (wilh,d)* + w(d,0)) 57,

i€[n]

with 07 again a nearest-neighbor estimate of o = V(Y;|X;). Following arguments analogous

to those used to construct “bias-aware” confidence intervals, we use the decision rule to

o be(h. d L(h,d
reject Hy if |tr| > evig (gigh,di) - where fr = §p((h, d))

is a t-statistic that is approximately normal in large samples with unit variance and mean
bounded in absolute value by br(h,d)/sr(h,d) under the null hypothesis. The following

theorem shows that the resulting test has correct size.

Theorem 4. Suppose that (i) either Assumption 1 or 2 holds; (ii) Assumptions 3-5 hold;
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and (iii) & (h,d) = si(h,d)(1 + op(1)) uniformly over F(M). Then, under Hy:

br(h,d
limsup sup P <|tp] > CV]_g <M>) <

n—oo  p*eF(M) :S\F(had>

5.3. Power Comparisons. We compare the power of the two tests in the previous sub-
sections under small donut asymptotics'? with h = hg x n~'/° for some constant hy > 0
under sequences of local alternatives in which pf(z) differs from a continuous piecewise
quadratic baseline function u(z) inside the donut by a piecewise quadratic perturbation that

is continuous at 4d and discontinuous at the cutoff, and chosen such that
" —T = A/Vnh

for some local parameter A € R. That is, local alternatives are chosen such that the jump
at the cutoff, which is the parameter that is targeted by donut RD estimation, scales with
the asymptotic standard deviation of the test statistics. The local alternatives considered

are specifically of the form
Hy () = p(x) + np(x) for all x € X,

where p(x) = —Max?sign(x)/2 is chosen such that the conventional RD estimator achieves
its “worst case” bias, and 1, (z) = sign(z)(\/(2d*v/nh)) (x — sign(z)d)* 1{|z| < d}.

Theorem 5. Suppose that (i) Assumption 1 holds and ¢ > 0; (ii) Assumptions 3-5 hold;
(iii) A (h,d) = sA(h,d)(1 +op(1)) and si(h,d) = s&(h,d)(1+ op(1)) uniformly over F(M);
and (i) the bandwidth is h = hy x n~Y/°. Then, under the local alternative H, ,,

ta % N(Da(c,ho, K) = ALa(c, K), 1) and  tr <5 N(Dr(c, ho, K) — A Lr(c, K), 1)

for constants

—Mny*(Bk(c) — Bk(0)) —MhY? (B () — B (0))
DA C, h07K - ) DF C7h0aK = )
( ) O'T\/S[QA(C) ( ) Or SK,F(C)
Lale, K) = Jo Jr(u,0)(u — ¢)* K (u) du’ Lole ) = w,
6207- SKyA(C) Or SKJ‘(C)

12The case of small donut asymptotics is the more interesting and illustrative one as under large donut
asymptotics the parameter 7* is only partially identified, and hence no hypothesis test has non-trivial
asymptotic power against any alternative inside the identified set.
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Figure 4: Ilustration of local alternatives pr(x) for different values of A.

with 02 = 0% /f+ + 02 /f- and Sk a(c) = Sk(c) + Sk(0) — 2§K(c) and Skr(c) = Sk(c) +
SK<0)/C

Note that the constants Da(c, ho, K) and Dr(c, hg, K) capture the drift induced by the
curvature of the baseline function p(-). They are the probability limits of the respective
“worst case bias to standard error” ratios, and would also be present under the null hypothesis
The constants La(c, K) and Lr(c, K), on the other hand,

capture the drift induced by the local alternative inside the donut.

(which corresponds to A = 0).

Theorem 5 can be used to characterize the asymptotic power functions of the two tests
under the local alternative H;,. It is convenient to choose h such that it minimizes the
“worst case” asymptotic MSE of the numerator of the respective t-statistic, as in this case
the “worst case bias to standard error” ratios become asymptotically equal to 1/2. With

this choice of bandwidth, we have that

P (|tA| > CVi_a (Sigh d;) ‘Hm) —P (|z CALA(6, K| > evia G)) +o(1),
P (|tp| > CVia (;EZ Zg) ‘Hm) —P (|Z CALr(e, K)| > evi_a (%)) +o(1),

where Z ~ N(1/2,1) is a generic normal random variable with mean 1/2 and variance 1.

The first terms on the right-hand side of the last two displays are the asymptotic power
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Local Power Comparison (c = 0.1)
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Figure 5: Asymptotic power of the test A (blue) and I' (black) based on local alternatives indexed
by A for uniform (---), triangular (— — —), and Epanechnikov (—) kernels and o = 0.05.

functions of the two tests we consider. It is tedious to further characterize these functions
analytically. We show their numerical values as a function of A for various kernels and
the special case ¢ = .1 in Figure 5 (the overall shape of the power curves is qualitatively
very similar for other values of ¢). This plot clearly shows that the test I', which is based
on our new strategy to compare donut and “within donut” estimates, generally dominates
the test A, which formalizes the comparison of donut and conventional estimates that is
commonly carried out in the empirical literature. This dominance result is of course tied to

the specific form of the local alternative.

6. FUZZY REGRESSION DISCONTINUITY DESIGNS

In this section, we briefly outline how our analysis can be extended to fuzzy regression discon-
tinuity (RD) designs; additional details are provided in Appendix C. In a fuzzy RD design,
treatment assignment is determined by whether the running variable exceeds a cutoff, but
compliance with the assignment rule is imperfect. As a result, the probability of treatment
exhibits a discontinuity at the cutoff, but it might not jump from zero to one.

The parameter of interest is typically defined as the ratio of two sharp RD parameters,

Ty
‘927—, Ty = fy+ — Py—, Tr = lr — pr—,
T
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provided 7 # 0. Here, for a generic random variable W, we write uw (x) = E[W; | X; = x]

for its conditional expectation given the running variable.!3

Under standard continuity
assumptions (Hahn et al., 2001; Dong, 2018), 6 corresponds to the average causal effect at
the cutoff for units whose treatment status is affected by the assignment rule (i.e., compliers).

A fuzzy donut RD estimator can be constructed as the ratio of two sharp donut RD

estimators,
~ Ay (h, d) _ _
O(h,d) = =———~ F(hd) =Y wi(h,d)Y;, Fr(h.d) =Y wi(h,d)T;,

TT(h, d) ’

i€[n] i€[n]

if 7r(h,d) # 0. We then postulate that there are functions pj € F(My) and ph € F(Mr)
that coincide with py and pr outside the donut, but possibly not inside it. The numerator
and denominator of the fuzzy RD estimator are then interpreted as targeting the jumps
Ty = Py, — py_ and 75 = pp, — pp_, respectively; and the fuzzy donut RD estimator itself
is interpreted as targeting their ratio 6* = 73 /7. provided that 7} # 0.

If the discontinuity in treatment probabilities is bounded away from zero outside the
donut, it follows from a delta method argument that under small-donut asymptotics the
fuzzy donut RD estimator is asymptotically equivalent to a sharp donut RD estimator with

an appropriately defined outcome variable:

O(h,d) — 0~ > wilh,d)Ui, U;= Yi—1v DTy — 7).

i€[n]

Under these conditions, all of our results for point estimation, confidence intervals, and
specification testing under small-donut asymptotics apply directly to é\(h, d) after replacing
the outcome variable Y; with the auxiliary outcome U;. The corresponding methods can
be made feasible by replacing the unobserved U; with plug-in estimates of the form U, =
(Y; = 0(h, d)T;) /7 (h, d).

This approach does not extend to large donut asymptotics though, as in this case both
Ty (h,d) and 7r(h,d), and consequently also é\(h, d), are generally inconsistent for their re-
spective target parameters, and hence the delta method argument breaks down. For point
estimation, a partial identification argument analogous to that in Remark 2 applies in this
case. To construct valid confidence sets for the corresponding fuzzy RD estimand 6*, we rec-
ommend using the Anderson—Rubin—type procedure proposed by Noack and Rothe (2024).

This approach is valid under both small- and large-donut asymptotics and does not require

BThroughout this section, notation parallels that used earlier, with subscripts Y and T denoting outcomes
and treatment indicators, respectively.
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the treatment probability discontinuity to be bounded away from zero. For specification
testing in fuzzy RD designs, we recommend conducting separate sharp RD specification
tests for the numerator and denominator of the fuzzy RD estimator. The null hypothesis of
correct specification is then rejected if the smaller of the two resulting p-values falls below

the Bonferroni-adjusted significance level /2. Again, we provide details in Appendix C.

7. TWO EMPIRICAL APPLICATIONS

In this section, we present two empirical applications that illustrate our methods.

7.1. Teacher contracts. We first revisit the data from Bau and Das (2020), who study the
effect of teachers’ contract type, which can be either temporary or permanent, on various
outcomes such as teachers’ wages and teacher value added (TVA) in Pakistan. They exploit
a policy shift in 2002 which led to teachers being hired almost exclusively on non-tenured
temporary contracts. This policy shift was immediately preceded, however, by a budget
crisis that resulted in a uniquely long period of low hiring from 1998 to 2001. Bau and Das
(2020) conduct a (one-sided) fuzzy donut RD analysis with data from eight years before and
four years after the reform while excluding the four-year period of low hiring.

For illustration, we focus here on teachers’ log monthly wages as the outcome. Figure 6
shows the data together with the first-stage and reduced-form local linear regression fits in
the left panel and the corresponding donut fits in the right panel. We can see that donut
trimming has a particularly substantial effect on the first stage estimate of the jump in
treatment probabilities.

As the donut size here is exactly half of the effective bandwidth, we consider this to be a
setting where small donut asymptotics are less plausible and large donut asymptotics deliver
more reasonable approximations. In Table 1, we report fuzzy donut RD point estimates,
point estimates for the first stage and the reduced form, as well as p-values for tests that
donut trimming is negligible in the first stage and the reduced form.

We can see that donut trimming substantially changes the estimate of the first stage
parameter, the jump in treatment probabilities, from 0.14 to 0.94. The A specification test
yields a p-value of 0.002, indicating that this difference is unlikely to be due to random
sampling alone. Our new I test yields only a p-value of 0.088. The estimate of the reduced
form parameter, the jump in log wages, is less affected by donut trimming, and both of
our specification tests yield p-values well above commonly used significance levels. Taken
together, the evidence from both stages provides strong evidence against the conventional

fuzzy RD design in the data.
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Figure 6: Average log salaries and fraction of temporary contracts around the discontinuity in
the year of the reform. Size of dots is proportional to the number of observations and the total
number of observations is 1,069. Left panel shows local linear RD fits with a uniform kernel using
all available observations. Right panel shows the same specification when data points within four
years below the cutoff are excluded (donut hole).

7.2. Low Birthweight. We next revisit data from Almond et al. (2010), who study the effect
of medical care on infant mortality among low birthweight babies.!* Their study exploits
that infants with a birthweight below 1,500g often receive additional medical treatment.
Using a conventional regression discontinuity design with a bandwidth of 85g suggests that
1-year mortality is approximately 1 percentage point lower just below the 1,500g threshold,
compared to 5.5% just above it. The left panel of Figure 1 in the introduction shows the
data together with a local linear regression fit.

Barreca et al. (2011) argue that these results are driven by the heaping points at 1500g
(rounding) and 1503g (corresponding to 530z). We revisit their analysis and sequentially
exclude observations within +d grams of the 1,500g threshold, with d ranging from 0 to 4.

14We obtained the data set from the NBER webpage: http://data.nber.org/lbid/adkw.dta.

24


http://data.nber.org/lbid/adkw.dta.

Table 1: Estimates of the effect of contract type on (log) wages

Parameter d Estimate 95% CI A: p-value TI': p-value
First stage 4 8:51)11 E:gﬂz 91333 0.002 0.088
Redueed form 1 50 TN oass oss
Main parameter Z_l _105421 E:i: z; 0.605 O.I??

Notes: Empirical results for the teacher-contract application of Bau and Das (2020). The conventional
specification uses all observations in the eight-year window around the reform; the donut specification with
d = 4 excludes the four-year low-hiring period immediately before the cutoff. The first stage refers to the
jump in the probability of a temporary contract, and the reduced form refers to the jump in log monthly
wages. The main parameter reports the corresponding fuzzy RD estimate with bias-aware
Anderson—Rubin-type confidence sets. The A and I' columns report p-values from the donut specification
tests described in Section 5 and Appendix C. We set M7 = 0.05 and My = 0.056, where the latter value
corresponds to the smoothness bound proposed by Imbens and Wager (2019). Estimates are based on the
uniform kernel and standard errors are based on nearest-neighbor variance estimates.

Because birth weights are recorded in integer grams, this corresponds, for example, to using
a theoretical donut size of d+0.01. All estimates use the original bandwidth of h = 85g and a
uniform kernel. The right panel of Figure 1 in the introduction shows the data together with
a local linear donut regression fit for the case in which d = 3. We set the smoothness bound
to M = 1075, which implies that the conditional mean function p* can differ by at most
0.1% from a straight line over the 85g window. The results show that even just excluding
the observations with exactly 1500g yields a “marginally significant” p-value of 10% from
our A test, and when excluding observations that deviate at most 3g from the treatment

threshold, the p-values are below commonly used significance levels.

8. CONCLUSIONS

This paper provides a theoretical foundation for donut regression discontinuity designs, which
are widely used in empirical practice but typically implemented without formal guidance.
Our results clarify the trade-offs introduced by donut trimming and allow for valid statistical
inference in both point estimation and diagnostic settings. An important open question
concerns the choice of the donut size d. We conjecture that if the goal is valid causal
inference, this choice cannot be made in a purely data-driven way and will have to rely on

some subject-matter knowledge. In a specification testing context, however, there may be
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scope for a procedure that uses a range of values for d, without assuming that a particular

one is the “correct” one.

Table 2: Estimates of the effect of crossing low birth weight threshold on 1-year infant mortality
Parameter d Estimate (pp) 95% CI A: p-value TI': p-value

- 0.95 (0.46, 1.44) -

0 0.54 (0.04, 1.04)  0.102 -

. 1 0.55 (0.05, 1.05)  0.110 -
Main Parameter 0.53 (0.03, 1.04) 0.096 0.659
3 0.16 (-0.47, 0.80)  0.001 0.078
4 0.18 (-0.46, 0.82)  0.001 0.008

Note: Empirical results for low-birthweight application based on Almond et al. (2010). The conventional
specification uses a bandwidth of h = 85g and a uniform kernel around the 1,500g threshold. Donut
specifications exclude observations within +d grams of the threshold (so d = 0 means dropping
observations with reported birth weight of exactly 1,500g). Estimates are effects on 1-year infant mortality,
in percentage points. The A and I' columns report p-values from the donut specification tests described in
Section 5. The I' test may not be appropriate here when only a few birthweight support points lie inside
the donut. Standard errors are based on nearest-neighbor variance estimates.
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A. ADDITIONAL DETAILS ON ROBUST-BIAS CORRECTION

In this section, we present additional results that further characterize the properties of
robust bias correction (RBC) methods (Calonico et al., 2014) in donut RD designs. For
simplicity, we focus on the case in which the main bandwidth and the pilot bandwidth used
for bias estimation coincide, in which case the common local linear RBC estimator with local
quadratic bias correction is actually numerically identical to an (uncorrected) local quadratic
regression estimator.

We begin by introducing more general notation. Consider local polynomial regressions
of degree p. We denote the donut RD estimator based on a pth-order local polynomial, with
donut size d and bandwidth h, by 7,(h, d). We further define the following kernel-dependent

functionals:

1 1
BKvp(c):/ Jie p(u, ¢) K (u)uP ™ du, SK,p(c):/ Jic p(u, ¢)* K (u)? du,
-1

i) =] ( | () K (0) W) ),

where 7,(u) = (1,u,...,uP)", ¢ € 0,1) is a constant and e, is the first unit vector of length
p+ 1. Let by(h,d) := E[7,(h,d) | X,] — 7" and s2(h,d) := Var(7,(h,d) | &,). The following

proposition generalizes Theorem 1.

Proposition A.1. Suppose that (i) Assumption 1 holds; and (ii) Assumptions 35 hold.
Further assume that, on each side of the cutoff, u* is p+ 1 times continuously differentiable

up to the cutoff with a uniformly bounded derivative of order p+ 1. Then,

7,(h,d) —b,(h,d) — T*
TP( ) ) p( ) ) T i)N(O,l),
sp(h,d)
*(p+1) _ / 1\(p+1),* (pF+1)
_ p(p+1) H+ (1) H— (p+1)
by(h,d) = h®*D By () o + op(A#HD),
1 ai o? 1
Si(h,d) = %SK,p<C> (E + f__) +op (%) .

As in the local linear case, the asymptotic bias and variance of the local polynomial
RD estimator are affected by the donut size only through the kernel constants By ,(c) and
Skp(c). Figure A.1 plots the ratios By (c)/Bk2(0) and /Sk2(c)/Sk2(0) for ¢ € (0,.2)

and three commonly used kernel functions. In the canonical RBC setting in which case

the bandwidth is chosen to be optimal for the local linear estimator, for example with h

proportional to n~'/°, the bias term is of smaller order than the standard deviation term.

27



In this case, the figure shows that even for a moderate value such as ¢ = .1, corresponding
to a donut RD design that removes observations whose running-variable values differ by less
than 10% of the chosen bandwidth from the cutoff, the standard deviation increases by 60%
to 66%, depending on the kernel function used.!®

The usual RBC confidence interval with nominal level 1 — « is then given by
Cr¥(d) = [F2(h, d) £ cvi_q (0) Sa(h, d)] .

It can be shown to have correct (pointwise) asymptotic coverage under small donut asymp-

totics and standard regularity conditions.

Proposition A.2. Assume that the conditions of Proposition A.1 hold for p = 2. Further
assume that h = hg - n=Y% for some constant hy > 0 and that 32(h,d) = s2(h,d)(1 + op(1)).
Then

lim P(t* € C*(d)) > 1 — a.

n—oo

We can compare the length of the donut confidence interval C7%¢(d) to that of its con-
ventional counterpart C™¢ = C7¢(0) in the case where p equals p*. Note that in contrast
to bias-aware confidence intervals, the presence of a donut affects the length of the RBC
interval only through the standard error. To obtain an analytic result, it suffices to consider

1

a generic bandwidth hu,. oc n~ %, The presence of a donut then changes the length of the

confidence interval by a factor of

/S\Q(Brbc,d) . SK’Q(C)
52 (hube, 0) \/ Sk 2(0) +or(l)

The leading factor is plotted in Figure A.1 as discussed above. For ¢ = .1, the presence of a
donut thus increases the length of the RBC confidence interval by 60% to 66%, depending

on the kernel function used. Recall from the main body of the paper that a bias-aware

confidence interval increases in length by only 26% to 33% for the same donut size. The

power of RBC inference is thus more severely affected by the presence of a donut.
Following the arguments in Section 5, it is straightforward to construct robust bias-

corrected specification tests for both the donut and the no-donut cases under the small-donut

asymptotic framework; we omit the details for brevity.

5For illustration, we also plot the absolute values of B ,(c) and Sk ,(c) for p € {1,2} in Figure A.1.
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Figure A.1: Ratios and absolute values of kernel constants in the asymptotic bias and standard
deviations of the donut and the conventional RD estimator for uniform, triangular, and Epanech-
nikov kernels for local linear and local quadratic regressions.
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B. PROOFS OF MAIN RESULTS

In this section, we collect the proofs of the main theoretical results in this paper. Note
that some of our extensions involve the use of higher-order local polynomials. We therefore

formulate many intermediate results directly in terms of higher-order local polynomials.

B.1. Additional Notation. To simplify the exposition, we use the following notation: We
let IT={ien]:X;, >0}, I ={i€[n]:X; <0}. We define estimators of the jump of the
conditional expectation of the outcome Y; at the cutoff using the p-th order local polynomial

regression as

T(h,d) = wip(h, d)Y;, where w;y(h, d) = w;,(h,d) — w;,(h,d)
i€[n]
T & v v T -1
wip(hyd) = e (32 KOG/ = dY X, X)) KX /)IX] = dE Xy,
j=1

so that w;(h, d) = 1{X; > 0}w; ,(h,d),and w;_(h,d) = —1{X; < 0}w;,(h,d),

where )’Zp,i = (1{Xz > 0}, 17X'L;X11{X2 > O}, R ,Xip, 1{Xz > O}Xf)T, Kh(U) = K(’U/h)/h,
K" (v) = Ky(v)1{v > 0}, K, (v) = Kj(v)1{v < 0}. Note that in the special case p =1 and

for x € {4, —}, the local linear weights can be further expressed as

G XD Xi| = df (V5 (h, d) = Vi(h, d) (X3 /1))
Vi (h, )V (h,d) = (Vi(h,d))? ’

w; (b, d) =

with V' (h,d) = ZK* D1{| X, > d}(Xi/h)

1€[n

We also let [a]; = max{a,0} and [a]- = min{a, 0} for a € R and we define

wi,A(ha d) = wi,l,A(h> d) = w;i(h,d) — w;(h,0)

wi’p(h, d) = wi’lyp(h, d) = ’UJl(h, d) — U}z(d7 0),
where we will sometimes omit the p index, as it is used only for p = 1.

B.2. Auxiliary Results. Before proving the main results, we state a generic auxiliary result
for the weighted estimators considered below. Let ¢ € {RD, A, T'}. Here RD refers to the
baseline donut RD estimator, while A and I' refer to the two specification-test statistics under
their respective null hypotheses. We attach the subscript ¢ to all corresponding quantities:
the estimator 7, ., weights w; , . (h, d), standard errors s, (h, d) and 5, ,(h,d), bias b, ,(h,d),
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and worst-case bias bound b, (h,d). The target is denoted by T, Tpo» With 7 pp = 77 and

Ty.a = T,r = 0 under the corresponding null hypotheses.

Lemma B.1. Suppose that (i) Assumption 1 or 2 holds; (ii) Assumptions 3-5 hold; and
(iii) 5, (h,d) = 53 ,(h, d)(1 + op(1)) uniformly over F(M). Then,

(1) max|wzp<>(h d)|/ Zwﬂw (h,d)* = op(1),

(2) (Fpo — ElFolXa]) /5o (hod) 5 N(0,1),

(8) liminf inf P(7%, € [T)o + cv1_a(bpo(h,d)/3po(h,d))spe(h,d)]) > 1 —a.

n—oo preF(M) - P°

Proof. Part (1) follows from standard kernel calculations.
To show part (2), let e, =Y; — pu(X;). By the definition of b, (h, d),

Tpo — E[Tpo| Xn] = E w”,<> (h,d)e

Conditional on X,, the summands are independent and have mean zero. Moreover, by

Assumption 4, for some § € (0,q — 2],

5
240 max; |w; ,o(h, d)|

(o)
\/Zj Wjpo(h, d)?

Y E

i€[n]

‘wzpo )

Spo(h, d)

where we use that the conditional variances are bounded away from zero and above. Hence

the conditional Lyapunov triangular-array CLT implies

Z wzpo(h d)EZ d 4N
Spo(h,d)

(0,1).

The result with 5, ,(h,d) follows from 5> (h,d)/s? ,(h,d) —p 1 and Slutsky’s theorem.
The preceding Lyapunov argument is unlform over F (M), and together with the uniform
consistency of 3,,(h,d), part (3) follows from part (2) and the definition of b, ,(h,d). O

B.3. Proof of Theorem 1. Theorem 1 follows from Proposition A.1 by setting p=1. 0O

B.4. Proof of Proposition 1. To simplify notation, write

2 2 2

ul—ﬂ’i> oy, 0Z
le(— , D=4
2 fv I
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so that .
huse(d) = arg min {h4BK(d/h)2T1 + %SK(d/h)E} :

where Ty > 0 and T, > 0. For d = dyn~/® with dy > 0 fixed, define ¢ = d/h € (0, 1), so that
h=d/c=(dy/c)n"'/°. Now let

g\
R(c;dy) = (g) By (c)*T) + d_COSK(C>T2-

Then minimizing the original objective function over h > d is equivalent to minimizing

R(c; dp) over ¢ € (0,1). In particular, if

c*(do) = argmin R(c; dy)
c€(0,1)

exists and is unique, then

d,
hMSE(d) = Wflo)nfl/g).

We next establish existence and uniqueness of a minimizer. Under Assumption 5, the
truncated kernel moments fcl v K (u) du and fcl uw/ K (u)? du are continuously differentiable
on (0,1). It follows that Bg(-) and Sk(-) are continuously differentiable on (0,1). Since
K is bounded with support contained in [—1, 1], both functions are continuous on [0,1).
Moreover, Sk (c) > 0 for all ¢ € [0,1), and Sk(c) - o0 as ¢ 1 1.

Since Bk/(-) and Sk (+) are continuous on (0, 1), so is R(+;dy). Moreover, because B (0) #

0,
do\* )
R(c;dy) > | — ) Bg(c)*Ty — o0 asc 0.
c
Likewise,

R(c;dy) > dESK(c)TQ —ooasctl,
0

By continuity, R(-;dp) then attains its global minimum ¢*(dp) in the interior. The global

minimum therefore satisfies the first-order condition

OR(c*(dy); dp)

Oc =0
Differentiating R(c; dy) gives
: 2B B — 2B T
OR(Eid) _ oy, 2B B Z286) T ) 1 o)
0
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Hence the first-order condition can be written as

where Gg(c) is as defined in the statement of the Proposition. The function (®Gg(c) is
continuous and strictly increasing on (0, 1), with limits 0 and oo at the two boundaries. It
follows that, for every dy > 0, the first-order equation has a unique solution ¢ € (0, 1). Since
every interior minimizer must satisfy this equation, the minimizer ¢*(dp) is unique.

To prove monotonicity of dy/c*(dp), define

Then the first-order condition implies

do = mg(c*(do)), = lk(c"(do))-

Since Gg(+) is strictly positive and strictly increasing, both mg(-) and (x(-) are strictly

increasing on (0, 1). Therefore ¢*(dp) is strictly increasing in dy, and so is

This proves the monotonicity claim.
It remains to establish the limit as dy — 0. Introduce the reparametrization A = dy/c,
so that ¢ = dy/A. Then

R(c;do) = M By (do/N)*Ty + A" S (do/ N T
For every fixed A > 0, continuity of Bx(-) and Sk (-) at zero implies
N By (do/N)?Ty + XN Sk (do /N Ty — Hyg(N) = XN By (0)*Ty + A1 Sk (0)T
as dp — 0. The convergence is uniform on compact subsets of (0, 00). Since
Hig(\) — o0 as Al 0 and Hg(\) — o0 as A T oo,
the function Hx has a unique minimizer Ay, characterized by

AN Br (0)°Ty = My 2Sk (0) Ty,
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or equivalently,

Sk (0) (5
yo o SkOT: © (

"

+ f-
4Bk (0?Tn  Br(0)*(n
A standard argmin continuity argument then gives

L=l
do
— = A dy — 0.
C*(do) 0 as dg
Therefore
e (F+ 7))
X % 4 %=
. — -1/5 _ I+ f- 1/5
iy Pl = Ao = B e | <"

which completes the proof.

]

We complete this subsection by verifying that the high-level condition imposed in Propo-
sition 1 holds for the uniform, triangular, and Epanechnikov kernels. It is convenient to
define

Gre(c) Sk (c) + ¢S (c)

© 2Bg(c) (2Bk(c) — cBy(c))
The calculations below show that Gg(c) > 0, that G%(c) > 0, and that ¢Gk/(c) has the
required boundary behavior.

Uniform Kernel. For the uniform kernel, we have

14+ 4c+ 3
Bk(c) = —

41+ c+ 2

 Sk(o) = ( )
6

so that

(1—=¢p

QBK(C) — CB}{( )

142 ;o A4 20)?
€)= ——5— Sk(c)+cSk(c) = Aot
and therefore 36(1 + 20)
+ 2¢
Gk(c) =

2 4
de log Gk (c)

(1—0o)*(1+4c+c?)
In particular, Gg(c) > 0 for all ¢ € (0,1). Moreover,
2 2
2 (c+2)
1+ 2¢

o 2(5¢* 4182 +12¢ + 1)
l—c 1+4c+c2 (1—c)(1+2c)(1+4c+c?)
The denominator is strictly positive on (0, 1), and the numerator polynomial has strictly

positive coefficients. Hence (d/dc)log Gk(c) > 0on (0,1), so that Gk(c) is strictly increasing.
The displayed formula also implies that ¢’Gg(c) — 0 as ¢ | 0 and ¢’ Gg(c) — oo as ¢ 1 1.
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Triangular Kernel. For the triangular kernel, we have

1 4+ 6¢ + 3¢?
BK(C) = T 10 SK(C) =

12(2 + 3¢ + 3c?)
5(1—c¢)3 7’

so that

1+ 3¢
5 )

24(1 + 3¢)(1 + 2¢)

QBK(C) — CB}((C) = 5(1 _ 6)4 )

Sk(c) + cSk(c) =

and therefore
120(1 + 2¢)

(1—0c)*(1+6¢c+3c?)
Again Gk (c) > 0 for all ¢ € (0,1). Moreover,

GK(C> =

@Gl = 2 ¢ A 600 30c(1 + c)?
SR T T e T1—¢ T+6c+32  (1—o)(L+20)(1+6c+3e2)

de

which is strictly positive on (0,1). Hence Gk (c) is strictly increasing. The displayed formula

also implies that Gk (c) — 0 as ¢ ] 0 and c’Gg(c) — oo as ¢ 1 1.

Epanechnikov Kernel. For the Epanechnikov kernel, the calculations become more tedious.

We define the following three polynomials:

Pi(c) = 6¢* + 36¢> + 81¢* + 66¢ + 11,
Py(c) = 129¢* + 684c® + 1254¢% + 924c¢ + 209,
Ps(c) = 2691c" 4 23418¢° + 87126¢° + 175620c* + 202815¢% 4 131394¢* + 43312¢ + 5624.

A direct calculation gives
Py(c)

5(3¢% + 18¢ + 19)’

Sie(e) = 48(99¢5 + 891¢® + 3345¢1 + 6345¢3 + 6600 + 3936¢ + 1184)
LA 35(1 — ¢)3(3¢2 + 18¢ + 19)2 ’

BK<C) = —

and
240 P3(c)

7(1 = c)*Py(c) Pa(c)
Since all coefficients of Py, P, and Pj are strictly positive, we have Pi(c) > 0, Py(c) > 0,
and P3(c) > 0 for all ¢ € [0,1), and hence Gx(c) > 0 on (0,1). In addition,

GK(C) =

d 15(1+C)P4(C)

2108 Crle) = (1= ) Pi(0) By(c) Py(c)’
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where

Py(c) = 694278¢ + 12694644¢" + 107571123¢' + 557423910
4 1963602405¢™° 4 4946052924¢” + 9127765662¢® + 12445500924 ¢
+12490270320c° + 9084915900¢ + 4648824623¢* + 1590174894¢
+ 332171653¢% 4 35233220¢ 4 1103520.

All coefficients of P, are strictly positive, so Py(¢) > 0 for ¢ > 0. Since the denominator is
also strictly positive on (0, 1), it follows that (d/dc)log Gk(c) > 0 on (0,1). Hence Gg(c)
is strictly increasing. The displayed formula also implies that ¢®Gg(c) — 0 as ¢ | 0 and
AGk(c) =+ o00asct 1.

B.5. Proof of Theorem 2. We first note that

M .
sup |b(h7 d)| < _7 Z wi,l(ha d)XZQSIgH(XZ),

e EF (M) ie[n]

which directly follows from the results of Armstrong and Kolesar (2020). Theorem 2 then

directly follows from Lemma B.1.

B.6. Proofs of Theorems 3 and 4. The proofs of Theorems 3 and 4 follow the same line
of arguments and we therefore prove them jointly here. Let ¢ € {I';A}. In the following,
suppose that n is sufficiently large that the weighted local polynomial regressions defining
Tpo are well defined. If

<M

sup [bo(p, )| <

e 5 2 wite(h ) X7sign(X,), (B.1)
we

i€[n]
then Theorems 3 and 4 directly follow from Lemma B.1. To show (B.1), let
bo(p, h) = > wino(h, d)(p(Xi) = p(0)) + > wino(h, d)(u(Xi) = p(07)) = Loy + Lo .
ielt iel~

Consider the term L, . By the properties of weights of local linear regressions and by using

a second order Taylor expansion and basic properties of local linear regression weights, e.g.,
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Y icr+ Win(h,d) =1 and Y. wiy(h,d)X; = 0, it holds that

Lo, = Z Wi 6(h,d) / vu”(s)(Xi — s)ds = /000 1 (s) Z Wi 10(h, d)(X; — s)ds

elt :X;>s
= / 1 () (s, h, d)ds,
0

where we use Fubini’s Theorem and note that

o(s,hyd) =) wigo(h, d)(X. = Y wie(hd)(s - X))

1:X;>s i€l X;<s

as Zi€I+ wi,170(h, d) = Zie["' wiyl,o(h, d)Xl = O NOW, lf
Vo(s,h,d) <0 forall s >0and o€ {A T}, (B.2)

then y
| Loy (h,d)| < M/ (s,h,d)ds = —7Zwi,170(h,d)Xf.

iel+

Applying the same argument to the left side of the cutoff yields

M
|L<>7_ (h, d)| S 7 Z wi,l,o(hv d)XzQa

iel-
which shows that inequality (B.1) holds.
To show (B.2), we first note that the function v,(s, h, d) is continuous for all s > 0 and we

further note that v,(s, h, d) is differentiable for all s ¢ {X;}ic;+. The proof is then completed

by the following case distinctions.

Bias bound for I'. We analyze vr(s, h,d) in two cases:
Case 1: 0 < s < d. In this case, and for X; < s, the weights reduce to: w;r(h,d) =
—w; 1(d, 0). Therefore,

vr(s,hod) = ) 0 wia(d,0)(X; — s),

1€l1:X;<s

which equals the intercept of a weighted local linear regression of [X; —s]_ on X;, for X; > 0.
This intercept is negative by properties of local linear regression under standard kernels.
Thus, vr(s,h,d) <0 for s < d.
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Case 2: s > d. Now the expression becomes:

ve(s, hod) = Y wia(hd)(s — X;) — s,
1€l :X;<s
The first part of this expression is the intercept from a weighted linear regression of
[s — Xi]+ on X; for X; > d. As the intercept of this regression is always less than or equal

to s, the entire expression is again non-positive, vr(s, h,d) < 0.

Bias bound for A. We analyze va(s, h,d) in three cases:

Case 1: s > h. For all 4, if X; > s > h, then w;;(h,d) = w;1(h,0) = 0 due to kernel
support. Thus, it trivially holds that va(s, h,d) = >, ., 0 (X; —s) = 0.

Case 2: s < d. For all i such that X; <'s, the weights w; ;(h,d) = 0, and thus,

A(s, h,d) Z wiialh,d)(s — X;) =— Z w;1(h,0)(s — X;).
ielt:X;<s ielt:X;<s

This expression is the negative of the intercept of a weighted local linear regression of
[s — X;]+ on X;. As this intercept is nonnegative, va(s, h,d) < 0.
Case 3: s € (d, h). Note that we have shown that va(d, h,d) <0 and va(h,h,d) = 0. In
the following we show that Zva(d, h,d) < 0 and that £va(s, h,d) changes its sign at most
once on (d, h), from nonpositive to nonnegative, and thus va(s, h,d) <0 for all s > 0. Note
that va(s, h,d) is a continuous function and that for s ¢ {X;},,

3vAshd Z wiialh,d) = A(s) — Ty,

0s
iclt:X;<s

Z Ky (X3) o(X3), 15 = Z w; 1(h,0),

i d<X;<s el X;<d

where T5 > 0 is constant in s and
o(z) = Va(d) — V2(0) — z/h(Vi(d) — V1(0)),

where, for ¢ € {1,2} and s € {0, 1, 2},

—— Vy(h, d)
Vald) = Va(h, d)Vo(h,d) — Vi (h,d)?’

Vi(h,d) := Z KyF (X3) (Xi/h)*.

Note that A(s) is not a smooth function of s, but a step function that changes only when s

crosses a design point X; with X; € (d, h). In particular, as s increases past such a point X,
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the increment in A(s) is

AA(X;) = K, (X3) o(X3).-
We show below that

(i) Vi(0) <Vi(d), (i) Va(0) < Va(d), (B.3)

and thus the function o(z) is linear in z, and p(x) changes sign at most once on (d,h),
from positive to negative, as z increases. Since K, (z) > 0, it follows that the increments
AA(X;) also change sign at most once, from positive to negative, as the ordered design
points X; increase. Consequently, A(s) is unimodal as a function of s and A(h) = Ty. It
follows that %’UA(S, h,d) changes its sign at most once on s € (d, h). As it is also clear that
Zoa(d, h,d) <0 and lims 1 hva(s, h,d) =0, it follows that va(s, h,d) < 0 for all s > 0.
We now verify conditions (i) and (ii). Let 0 = dy < d; < -+ < dj = d be a partition
of [0,d] such that one distinct realization of the running variable X; lies in each half-open

interval [d;_1,d;). Then

J

Vo(0) = Vo(d) =Y (Veldj—1) = Vuldy)),  L€{1,2}.

J=1

It therefore suffices to show that Vy(d;_1) — V(d;) < 0 for all j. We note that

where
D(d) := Va(h, d)Vo(h,d) — Vi(h,d)> > 0
and
Ag = Vg(h, dj_l)D(dj) — Vg(h, dj)D(dj_l).

The sign of the difference is determined by A, since D(d;_1), D(d;) > 0.

Fix j and let x denote the (unique) value of the running variable in [d;_;,d;) (unique by
construction), and let m be the number of observations with X; = x (so m > 1 only if X
has mass points). Since moving the cutoff from d;_; to d; removes exactly the observations

with X; = z, we have the one-step update formulas

V5<h7 dj) = V5<h7 dj_1> - (5xs/hs, s = O, 1, 27 (B4>
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where § = mK,"(z). Using (B.4), we have

D(d;) = (Vo — 6(x/h)*) (Vo — 6) — (V1 — 6x/h)?
VoVy — 8(x/h)*Vy) — 6(Vo — 6(x/h)?) — (Vi — 2V, 6x/h + (52 /h)?)
= (WoVy — V3) — 6((x/h)*Vy + Vo — §(x/h)* — 2V12/h + §(x/h)?)

= D(d;_1) — 6((x/h)*Vo + Vs — 2(x/h)Wy),

= (
=

where all V; on the right-hand side are evaluated at (h,d;_;). Substituting these identities
into the definition of A, yields
Ap = V(D = 8((x/1)Vi + Vo = 20 /W) ) = (Vi = 3(a/h)')D
= Vo(=0((w /B Vo + Vs = 20/hV1)) +8(/h) VoV — Vi)

again with all Vs and D evaluated at (h,d;_1). For £ = 1, this term simplifies to

A=W (—5((m/h)2V0 TV 2(x/h)V1)) 4 6(x/h)(VaVy — VD)
= 5(—(2/h)2VoVy — WV + (z/W)V2 + (z/h)VaWy)
=0Vi(z/hVy —Va) + x/hVo(Va — x/hV)))

— (V1 — /W) (x/hVi — V) <0

where the last inequality follows because every observation contributing to the moments
evaluated at (h,d;_) satisfies X; > x. Hence, for s € {0,1},

x X\’ X\
Vs(h, dj-1)7 = > Ei(X) (#) 5 < >, EHX) (#) = Ver1(h, dj1),

I: X >dj

where the inequality uses z/h < X;/h for every contributing observation. Since the kernel
weights are nonnegative, it follows that A4; < 0.
For ¢ = 2, it holds that

Ay = vz(—a((%)Q Vot Vo= 250)) +5 (

Xz

" (VaVo — V2) = —6(Vy — Ey)2 < 0
h)(zo— 1)—_(2_E 1)? <

Combining the two cases, we conclude that equation (B.3) holds, which completes this proof.

B.7. Proof of Theorem 5. We prove the theorem in two parts.
Part 1. We first consider the test statistic ta(h,d). The following decomposition holds
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under the local alternative H; ,:

Zie[n] wi,a(h, d)p(Xi) Zie[n} wi,a(h, d)na(X;) Zie[n] wi,a(h, d)e;
:S\A(hvd> /S\A<h’7 d) /S\A(h7 d)

= TAJ(h, d) + TAQ(h, d) + ZA<h, d)

ta(h,d) =

In the following, we study each term separately. By the arguments of Lemma B.1, the term
Za(h,d) converges in distribution to N(0,1). To study Ta 1, we use known bias expansions

and scaling relations, and conclude that

_MI?(Bile) = B(0) oy MBP(Bilo) = BieO)

JEo/Sa0 70/l

where we used that h = hg - n~'/%. To study Ta2(h,d), note that under the local alternative
H, ,, we have that

TAJ(h, d) ==

A (x —sign(x)d)

N (z) = Sign(:c)d2m 5 1{|z| < d}.

It then holds that

2 ictn) Wi (h, 0)nn (XG) H{| Xi] < d}

Taalh,d) = Sald)

where we used that -, ;) w;1(h, d)n.(Xi)1{[X;[ < d} = 0. It further follows that

i€n

et Wi (h, 0)sign(X;) (\/ (v/nh) (X; — sign(X;)d)*/2)1{| X;| < d}

Tao(h.d) = —
s 5alhd)
BN +op(1)
d>vnh SA(h> d)

where we used the symmetry of the expression and consistency of the standard error. Sub-

stituting the form of the standard deviation, we get that
1 Diep wir(h, 0)(X; — d)*1{0 < X; < d}
02h2 Or\/ SK}A(C)

where we used that ¢ = d/h. Using standard kernel calculations, it then follows that

TAQ(h, d) = =) + Op(]_)

1 fy Jr(u,0)(u —¢)’K (u) du

2 v/ Ska(0)

Tap(h,d) = =X

+op(1)
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Combining both leading terms, it follows that
Tai(h,d) +Tas(h,d) = Dalc, ho, K) — AMa(c, K) + op(1).
The result follows by Slutsky’s theorem.

Part 2. For the second part of the Theorem, we have that

2icpn) Wi, (h )p(Xs) 3 Dipy Wi (d, 0 (X3) D i winr(hy d)si
sr(h,d) sr(h,d) sr(h,d)

= TI‘,l(h7 d) -+ Tng(h, d) + Zr(h, d)

tr(h, d) =

It follows from Lemma B.1 that Zp(h,d) is asymptotically standard normal. To study

Tr(h,d), one can use similar arguments as above to show that

- Mhg*(Bk(c) — Bk (0))

Or SK,F(C)

Tp7l(h,d> = +0P(1),
where we used that h = hg - n~Y/?. To study Tra(h,d), we then note that under the local
alternative H, ,, it holds again that

> wia(hy d)n(X)1{| X < d} =0

i€[n]
and further that

Zie[n] w1 (d, 0)nn (Xi)

TF,Q(h’7 d) - - Sl"(h d)

+ Op(l)

Using the properties of local linear weights, and that h = hgy - n~'/%, it follows that

) — T 3By St Wi (dh O)sign(Xp) X?
F,2( 3 )_ 3F<had)

+ OP(l)

. A 14 Bg(0) o
= m Sp(h,d) + P(l)
= —)\—1 + Br(0) +op(1)

Orv\/ SK,F(C)

Combining both leading terms, it follows that

Tr"l(h, d) + TFQ(h, d) = DF(C, h(), K) - /\EF(C, K) + OP(]_).
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The result follows by Slutsky’s theorem. [

B.8. Proof of Proposition A.1. We note that the donut RD estimator is equivalent to
a standard RD estimator with a new kernel function of the form K.(u) = K(u)1{|u| > c}.
The result follows by applying standard local polynomial arguments and by noting that the

kernel constant changes as claimed. Il

B.9. Proof of Proposition A.2. Proposition A.2 directly follows from Proposition A.1 by
noting that under the given bandwidth the bias term is asymptotically negligible relative to
the standard deviation. O]

C. ADDITIONAL DETAILS ON FUZZY RD DESIGNS

In this appendix, we explain how the analysis from the main body of the paper can be
extended to fuzzy donut regression discontinuity designs, in which the treatment probability
jumps at the cutoff, but not necessarily from zero to one. We describe how to implement the
respective procedures and sketch the theoretical rationale behind them, but do not provide
full proofs (these follow standard arguments). We use notation that is analogous to that in

the main body of the paper as much as possible. For a generic random variable V;, write
pv(z) =E(V; | Xi=z),  1v=pvsy—pv-,

where 4 and py— denote the right and left limits at the cutoff. In a fuzzy RD design the

conventional estimand is
Ty
H— ¥

)

T
provided that 7 # 0. The local linear fuzzy donut RD estimator is the Wald ratio

0(h,d) = ggzg)) Fo(hd) = wi(h,d)Vi,  Ve{Y,T},

i€[n]

where the weights w;(h, d) are the sharp donut RD weights defined in Section 2. As in the
sharp case, we postulate the existence of functions uj- and p}. that agree with the observed

conditional expectation functions outside the donut but not necessarily inside it:

wy (z) = py(z)  for |z| > d, VelY, T}
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We define the jumps at the cutoff and the fuzzy donut RD target by

4
V=Hry ~ v, 0=
T
whenever 77 # 0. Curvature restrictions are expressed in terms of the same function class
used in the sharp RD analysis. Recall that F(M) is the class of functions with bounded

second derivative on either side of the cutoff, as defined in Section 2. For any n > 0, define
Fo(M) ={m € F(M) : |m4(0) = m_(0)] = n}.

We maintain that
1y pp) € F(My) x F(Mr). (C.1)

This condition applies the sharp RD curvature restriction to the reduced form and the first
stage and adds the lower-bound parameter 7 to the first-stage function. The case n > 0
corresponds to strong identification. The case n = 0 imposes no lower bound on the first-
stage jump because Fo(Mr) = F(Mry).

There are then, broadly speaking, two useful regimes under which to analyze fuzzy donut
RD designs. The first regime imposes a strong first stage and uses small-donut asymptotics.
In that case the Wald ratio admits a linear expansion around the conventional estimand @,
and the problem reduces to a sharp donut RD problem for a suitable auxiliary outcome. The
second regime allows weak first stages and permits either small- or large-donut asymptotics.
In that case the ratio estimator is not consistent and cannot be used as a basis for infer-
ence on #*, but Anderson-Rubin—type confidence sets as in Noack and Rothe (2024) and

componentwise specification tests remain available.

C.1. Strong First Stage and Small-Donut Asymptotics. We first consider the case
in which the donut is small relative to the bandwidth, as in Assumption 1, and the first
stage is strong, i.e., n > 0. The analysis in this subsection is based on the insight that if
the treatment discontinuity is bounded away from zero and standard regularity conditions
hold, then under small-donut asymptotics the fuzzy donut RD estimator is asymptotically

equivalent to a sharp donut RD estimator based on a modified outcome:

~ Y, —
O(h,d) — 0= wi(h,d)U; + op(h® + 1/Vnh) with Uy = =~ DTy — 7).
. TT Tr
i€[n]
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For further analysis, it will be useful to define the functions

o (x) = pry () ;THMT@)’ it () = py () ;TQM?(@'

Note that 7y = 0 by construction. Moreover, under the specification null, 7; = 0. We have

that
My +[0|Mr

M?] € ‘F<MU)7 MU
|71

C.1.1. Point Estimation. After linearization, the same kernel constants that govern sharp
donut RD determine the leading bias and variance of the fuzzy donut estimator around 6.
In particular, if uf (z) = py(x) for all || < d and V € {Y,T}, and standard regularity

conditions hold, then

~

O(h,d) — 0 — by(h,d) 4

where (y — py—) — Oy — pp_)
bo(h,d) = h? By (c)~—+—¥= T T2 4 op(h?),
27'T
and . ) ) .
2 _ = vt | U= =
$300,) = 50) (225 + 2= ) on (1)),

Here o7, = lim, o+ Var(U; | X; = ).
C.1.2. Bias-Aware Confidence Intervals. The point-estimation result suggests using the same

bias-aware logic as in the sharp case, but applied to the linearized fuzzy estimator. Let

Sg(h7d> = Var sz<h> d)Uz ‘ Xla s 7Xn )

i€[n]
and let 52(h,d) be a consistent feasible estimator, for example a nearest-neighbor variance

estimator applied to a generated outcome (71 = (Y; — 5TZ) /7r formed from preliminary

consistent estimates. Define the worst-case bias
- M,
by(h, d) = —TU w;(h, d) Xsign(X;).

1€[n]

Since My depends on the unknown quantities 6 and 7, creating a feasible procedure requires

either bounding these quantities or replacing them with appropriate point estimates. We
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follow the second approach and define the “feasible” worst-case bias approximation

= My (h,d _ —~ My + |0(h, d)| M
bg(h,d):_%Zwi(h,d))(f&gn(Xi), My (h,d) = Y’?l(é )I)’ L

i€[n]

We can then define a feasible bias-aware confidence interval for 6 for this regime as

Cyn(d) = lﬁ(h,d) 4 cvi g <gZEZ 2;) §9(h,d)] ,

where cvy_,(r) denotes the 1 — a quantile of [N (r,1)|. One can also construct robust bias-
corrected fuzzy donut confidence intervals by applying the usual higher-order local poly-
nomial bias correction to the auxiliary outcome U;, with unknown quantities replaced by

consistent estimates.

C.1.3. Specification Testing. We proceed analogously for our two specification tests. We

formalize the goal of testing for correct specification as the null hypothesis:
Ho : py () = py (x) and pr(x) = pr(z) for all |z| <d

given our maintained assumptions that pf (x) = py(x) and ph(z) = pr(z) for all x| > d.

Under standard regularity conditions, it can then be shown that

-~

0(h,d) — 6(h,0) = Ng(h, d) + op(h? + 1/Vnh) with Ng(h,d) =Y (w;(h,d) — w;(h, 0))U;,

i€[n]
0(h,d) — 0(d, 0) = Tg(h,d) + op(h? + 1/V/nh) with Tg(h,d) = > (w;(h, d) — wi(d, 0))U;,
1€[n]

with U; defined as above. Hence, inference can proceed analogously to Section 5 by noting
that the differences between the two fuzzy donut RD estimates are again well-approximated

by quantities that behave like sharp RD objects. Specifically, let

shg(hyd) = Var | > " (w;i(h,d) — w;(h,0))U; | X1,..., X, | ,

1€[n]

stg(h,d) = Var | > (wi(h,d) — wi(d,0))U; | X1,..., X, |,

1€[n]

and let 53 4(h,d) and 5f ,(h,d) be consistent feasible estimators, for example a nearest-

neighbor variance estimator applied to a generated outcome U, = (Y; — gTZ) /7r formed from
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preliminary consistent estimates. Also define the feasible worst-case bias approximations

= M

bag(hd) = === > (wi(h,d) — w;(h, 0)) X7sign(Xy),
i€[n]

- V7

bro(h.d) = === > (wilh,d) — wi(d,0)) X sign(X,),
i€[n]

with ]\/4\[] as defined above. The test statistics then are

~ -~ -~ ~

0(h,d) — 8(h,0) 0(h,d) — 8(d,0)
Ae Sag(hd) oo 3ro(h, d)

Each of the bias-aware specification tests rejects Hy with nominal level « if the corre-

sponding condition holds

~

bao(h, d) bro(h, d)
t o | =% d |t o | = |-
ltag] > cvy <3A,6(h, 0 and |tpg| > cvy Solhd)

C.2. Possibly Weak First Stage. We now consider the case in which the first stage is
possibly weak, in the sense that (C.1) only holds with n = 0. In this case, the linearization

argument used in the previous subsection breaks down and thus cannot be used.

C.2.1. Point Estimation. Under the restriction that (u3, u5) € F(My) x F(Mr), the fuzzy
RD parameter of interest is, in general, only partially identified. It is easy to see that
uniformly consistent point estimation is not possible in such cases under either small- or
large-donut asymptotics. We therefore do not further investigate the properties of the fuzzy
RD estimator. Following arguments analogous to those in Remark 2 in the main body of

the paper, the identified set can be shown to be
{’19 eER : 0= 7~'y — 197:T for some (7~'y, 7~—T) € [TY7Lin(d) + Mde] X [TT,Lin<d) + Msz]} ,

where 7y 1in(d) = pyv (d) — py (=d) — d(py (d) + py (=d)) for V e {T,Y'}.

This set is either a closed interval, the full real line, a half-line, or the union of two
half-lines.

C.2.2. Bias-Aware Confidence Intervals. Despite a lack of point identification, one can con-

struct valid Anderson-Rubin-type bias-aware confidence sets for the fuzzy donut RD esti-
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mand following the arguments of Section 4 and Noack and Rothe (2024):

sl = {0 i)~ o7 < oo (2L DN S | c2)

where the maximal bias is given by bag(h, d,9) = —w > icn Wilh, d) X ?sign(X;) and

Sar(h,d,9)? is a consistent estimate of the variance of 7y (h, d) —V97r(h, d), sar(h, d,9)?, with
sar(h,d,0)* =32, wi(h, d)? (0%; — 200y1,; + 0%0%,), where oyq; = Cov(Y;, T; | X;) and
oy, = Var(V; | X;) for V e {Y,T}.

C.2.3. Specification Testing. We consider again the null hypothesis that the underlying re-
gression functions coincide inside and outside the donut region for both the outcome and the

treatment variables:
Hy : py(x) = py(x) and pp(x) = pr(z) for all |z| < d,

given our maintained assumptions that pj (x) = py(z) and ph(x) = pr(x) for all |x| > d
and that (3, wy) € F(My) x F(Mry).

Given the irregular behavior of the fuzzy RD point estimator under possible weak iden-
tification, we adapt our testing strategy and test the two components of the null hypothesis
separately. For the case of the “conventional” testing strategy, this involves comparing donut
RD estimates and conventional RD estimates of the reduced form and first stage parameters.
Following the discussion in Section 5, and using its notation with appropriate subscripts
for the outcome and treatment variables, we can construct two test statistics for Ar and
Ay separately and adjust for multiple hypothesis testing using a Bonferroni correction. We

denote the resulting test statistic by

BTA<h7d) Z_JYA(h;CD
Tay = tral = evicap| 200 |+ Ival = eviap{ 2200 )
A, = Mmax {‘ ral = Vieay2 (STA(h, d) tral = Vizaro sy,a(h, d)

The test rejects Hy with nominal level «v if Th g > 0. The power of the test depends on the
asymptotic framework and on the nature of the (local) alternatives under consideration. A

test that compares donut and “within-donut” RD estimates can be conducted analogously.

D. SMALL MONTE CARLO SIMULATIONS

In this section, we report the results of a simple simulation study. We generate the running
variable as X; ~ U(—1,1) and the outcome as Y; = p1(X;)+¢;, where ¢; ~ N(0,0.5) indepen-
dent of X; and yur,(z) = sign(z)z?— Lsign(z)((z —0.1 x sign(x))? —0.1% x sign(x))1{|x| < 0.1}
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for L € {0,10,...,40}. We define p*(z) = po(z) so that 7* = 0. The case L = 0 then corre-
sponds to a setting where donut RD estimation would not be necessary, whereas for larger
values of L we have settings in which the conditional expectation of the observed data differs
more and more extremely from its hypothetical counterpart over the area (—0.1,0.1). We
then compute conventional and donut RD estimates, corresponding bias-aware confidence
intervals, and our two specification tests with a triangular kernel, d = 0.1 and M = 2.16 We
use n = 1,000 as the sample size and set the number of replications to 10,000. Our results

can be summarized as follows.

Point Estimation. Table D.1 shows the simulated bias, standard deviation and root mean
squared error (RMSE) of the conventional and the donut RD estimator for the various values
of L. Note that the data-driven bandwidth selector for the conventional RD estimator chooses
an average value of h = 0.49. The results in Table D.1 can thus be compared with theoretical
predictions under small donut asymptotics with ¢ ~ 0.19. Focusing first on the case L = 0
we see that the ratios of bias and standard deviation (and thus RMSE) between donut and
conventional RD estimators are as predicted by theory. The properties of the donut RD
estimator are then unaffected by L as expected, whereas the bias, but not the standard
deviation, of the conventional RD estimator increases with L. Note however only with the
extreme value L = 40 the RMSE of the donut estimator becomes smaller than that of the
conventional one. This illustrates that extreme deviations from the usual assumptions are

necessary for donut RD estimation to become the dominant point estimator.

Confidence Intervals. Table D.2 shows the empirical coverage rates and average lengths
of the conventional and donut RD confidence intervals for the various values of L. Donut
CIs have correct coverage for all values of L as expected, and their average length remains
the same across scenarios as well. Conventional CIs have correct coverage for L = 0, which
then deteriorates for larger values of L. The ratio of average lengths of the two CI types for

L =0 is as predicted by our small donut asymptotic theory.

Specification Testing. Table D.3 shows the empirical rejection rates of the two specification
tests we considered for the various values of L and the usual nominal level o = 0.05. Both
tests are seen to have correct size if L = 0 and thus the null hypothesis holds. Both tests
also exhibit increasing rejection rates in L as expected. However, the alternative test based

on I exhibits strictly greater power than the conventional one based on A under the type of

16Computations are carried out in R with the package RDHonest, using the latter’s default setting for
bandwidth selection.
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conditional expectation functions considered here.
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Table D.1: Simulation Results: Point Estimation
Bias Std. Dev. RMSE
L Regular Donut Regular Donut Regular Donut

0 0.043 0.115 0.099 0.162 0.108 0.198
10 -0.026  0.115 0.099 0.161 0.102 0.198
20 -0.094  0.115 0.100 0.162 0.137 0.199
30 -0.161  0.117  0.101 0.162 0.190 0.200
40  -0.229  0.116 0.102 0.162 0.251 0.199

Table D.2: Simulation Results: Confidence Intervals

CI Coverage CI Length
L Regular Donut Regular Donut

0 0954 0948 0.430  0.764
10 0.962 0.949  0.431 0.764
20 0.884 0946  0.430 0.764
30 0.699 0946 0430  0.763
40 0.445 0.947 0430  0.763

Table D.3: Simulation Results: Specification Testing

Rejection Frequency

L A r
0 0.053 0.052
10 0.119 0.152
20 0.232 0.345
30 0.396 0.593
40 0.565 0.803
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